The rooted maps theory, a branch of the theory of homology, is shown to be a powerful tool for investigating the topological properties of Feynman diagrams, related to the single particle propagator in the quantum manybody systems. The numerical correspondence between the number of this class of Feynman diagrams as a function of perturbative order and the number of rooted maps as a function of the number of edges is studied. A graphical procedure to associate Feynman diagrams and rooted maps is then stated. Finally, starting from rooted maps principles, an original definition of the genus of a Feynman diagram, which totally differs from the usual one, is given. 
Introduction
Important progress has been made in recent years in developing the interplay between theoretical physics and graph theory (Floer [1] [2] [3] , Fukaya [4] [5] [6] [7] , Schaeffer [8] [9] [10] [11] [12] [13] ). Mathematicians and physicists worked to combine theo-*Corresponding Author: Piotr Czerski: Institute of Computer Science, The Pedagogical University of Cracow, ul.Podchora żych 2, PL-30-084 Kraków, Poland; Email: piotr.czerski@up.krakow.pl Andrea Prunotto: Dipartimento di Fisica dell'Università di Torino and Istituto Nazionale di Fisica Nucleare, Sezione di Torino, via P.Giuria 1, I-10125 Torino, Italy, E-mail: andrea.prunotto@gmail.com Wanda Maria Alberico: Dipartimento di Fisica dell'Università di Torino and Istituto Nazionale di Fisica Nucleare, Sezione di Torino, via P.Giuria 1, I-10125 Torino, Italy, E-mail: alberico@to.infn.it ries of planar trees and rooted maps with the enumeration of Feynman diagrams for field theories, essentially quantum electrodynamics (QED), quantum gravity and quantum computing (Atiyah [14] , Witten [15, 16] , t'Hooft [17] , De Wolf [18] , Di Francesco [19] ). The problem of counting Goldstone Diagrams has already been solved, Rossky and Karplus [20] , but it is a rather difficult task to list all publications about Feynman diagrams counting. Here, we focus the attention on the combinatorial point of view studied in depth by Kucinskii and Sadovskii [21] . A graphical approach was followed for instance by Kleinert, Pelster, Kastening and Bachmann [22] . A more physical approach was followed by Riddell [23] and then by Brouder [24] [25] [26] . A strictly theoretical physics point of view in this field was explored instead by Cvitanović, Lautrup and Pearson [27] , with conclusions identical to the ones of Arquès and Béraud [28, 29] . These results will be discussed in the following Sections.
The matter discussed here could be useful for automated Feynman diagram calculations, for example in the context of diagrammatic Monte Carlo [30] as well as for the recent attempts to automatize many-body perturbation theory calculations [31] .
We shall present an original method to transform a Feynman diagram of the perturbative series expressing the single-particle propagator in many-body theory into a well defined rooted map. At variance with quantum electrodynamics, where Furry's theorem [32] entails the cancellation of certain classes of diagrams, in the many-body approach the only cancellation occurring concerns the socalled disconnected diagrams: indeed in the many-body problem every connected diagram makes its contribution to the total amplitude (or Green's function). This renders the counting of Feynman diagrams somewhat more difficult.
In last years, it has been discovered that the number of Feynman diagrams with regard to the perturbative order and the number of rooted maps as a function of edges (and regardless to genus and number of vertices) is the same. The strength of the numerical relation between Feynman diagrams and maps may suggest important links between general relativity and quantum mechanics, provided that we are able to trace, through the shape of the Feynman di-agram, the topological properties related to its opposing party rooted map.
The analytical and/or numerical evaluation of higher order terms in a perturbative series becomes more and more complicated: thus one could come to the conclusion that the exact enumeration of the corresponding Feynman diagrams is not so useful. Facing this doubt we would like to quote Cvitanović, Lautrup and Pearson [27] : "In trying to understand the behavior of field theory at large orders in perturbation theory, one finds that the number of diagrams contributing is an important effect. It is the cause of the combinatorial growth of amplitudes for superrenormalizable theories." Hence we will proceed in the major task of this article, which is the investigation of a rule to enumerate Feynman many-body diagrams at various perturbative orders.
The paper is organized as follows: in Section 2 we shall briefly recall the main definitions and properties of topological maps, including the various enumerations of rooted maps (with or without taking into account specific characteristics of them). In Section 3, after a very short reckoning of the many-body single-particle Green's function and its perturbative expression, we shall make explicit the connection between the corresponding Feynman diagrams and the rooted maps obtained from them. Moreover the topological properties of the considered Feynman diagrams, in particular the genus, will be discussed. Finally Section 4 will present our conclusions, leaving original details concerning the construction of the third (and higher) order Feynman diagrams to the Appendix.
Topological maps and rooted maps
A map is, roughly speaking, a partition of a closed, connected two-dimensional surface into simply connected polygonal regions by means of a finite number of simple curves (or edges) connecting pairs of points called vertices in such a way that the curves are disjoint from one another and from the vertices. The enumeration of planar maps (maps on the sphere or on the projective plane) has been extensively investigated since 1960, in particular by W. T. Tutte [33] [34] [35] . W. G. Brown then counted several types of maps on the projective plane and began investigating the torus, but did not obtain an explicit formula for counting maps on the torus [36] [37] [38] . Walsh and Lehman [39] [40] [41] presented the first census of maps on oriented surfaces of arbitrary genus in the early 70's. A map was defined to be a rooted one (see section 2.1) if one edge is distinguished, oriented and assigned a left and a right side. But since these authors worked on oriented (or, equivalently, orientable) surfaces, it suffices to distinguish and orient one edge-end because its left and right side are determined by the orientation of the surface. They considered two maps to be equivalent if they are related by an orientation preserving homeomorphism, according to Cairns [42] and Tutte [34] , which leaves fixed the distinguished edge-end (called the root). We will use this work in order to show a graphical correspondence between maps and Feynman diagrams in the realm of quantum many-body theory.
At the end of the past century, Arquès and Béraud [28, 29] presented a different approach in the study of maps: they enumerated rooted maps without regard to genus -the genus of a map is essentially the genus of the embedding surface. They showed the existence of a new type of equation for the generating series of these maps enumerated with respect to edges and vertices: the Riccati's equation. By means of Riccati's equation Arques and Béraud obtained a differential equation for the generating series of rooted trees regardless of the genus and as a function of edges which leads to a continued fraction for the generating series of rooted genus-independent trees and to a beautiful, unexpected relation between both previous generating series of trees and rooted maps. We will show that there exists a one to one relation between the number of rooted maps on orientable surfaces regardless to genus and with respect to edges and the number of Feynman diagrams for the one particle exact propagator as a function of perturbation order.
As we pointed out before, Walsh and Lehman [39] [40] [41] studied enumeration of rooted maps by genus, edges and vertices. Bender, Canfield and Robinson [43] [44] [45] [46] studied in depth rooted maps on the torus and on the projective plane.
Moreover, many years ago J. Touchard [47] studied a problem of geometric configuration that actually corresponds to the enumeration on rooted maps, even though at the end of his work there seems to be a contradictory result. Work is presently going on on rooted maps (see for example Courcelle and Dussaux [48] , Krikun and Malyshev [49] [50] [51] , Shaeffer and Poulalhon [52] [53] [54] , Jackson and Visentin [55] , Yanpei [56] ).
Definitions

Topological maps
A topological map M (see Figure 1) 4 A homeomorphism is a bijective and bicontinuous function connecting each point of Σ with each one of Σ ′ ; it ensures that starting object topology is kept. 5 The genus of a surface is, in a simple counting, the number of its holes: e.g. the three-sphere has genus 0, the torus has genus 1 and so on.
Rooted maps
A map is called a rooted map if a certain half-edge is specified among the set of the half-edges. This peculiar halfedge, becomes the root half-edge of the map. In short, the initial vertex is the root of the map and we can refer to it as the origin of the map. Here we meet the first important analogy with Feynman diagrams: there exists an "initial vertex", which corresponds, in quantum many-body theory, to the initial point in space-time whence we start to calculate the propagator. See Figure 2 and Figure 3 . The mathematical definition of rooted map is a little more subtle. Actually, two rooted maps with the same genus, associated with two surfaces Σ and Σ ′ are isomor- -This homeomorphism preserves the orientation of the surface; -It maps vertices, edges, faces and the root half-edge of the first map into the homologous elements of the second one.
In fact it is the entire isomorphic class of rooted maps of the same genus that will be called a rooted map. A final remark: Walsh and Lehman (among many other authors) showed also that counting rooted maps on the projective plane or on the sphere is topologically equivalent. Although mathematically trivial, the consequence of this remark will be extensively used in this work while displaying the maps in figures: for the sake of simplicity, indeed, every rooted map on the sphere will be drawn as a rooted map on the plane.
Euler-Poincaré invariant
One of the fundamental theorems of topology states that for any given map with V vertices, E edges and F facesand embedded on a surface with g holes -there exists the following invariant:
found as a generalization of the polyhedral formula; in Eq.(1), χ(g) is the Euler characteristic (or Euler number), sometimes also known as the Euler-Poincaré characteristic. The polyhedral formula is related to the number of polyhedron vertices V, faces F, and polyhedron edges E of a simply connected (i.e., genus 0) polyhedron (or polygon).⁶ Thus the genus of maps and rooted maps can be derived from it. The only compact closed surfaces with Euler characteristic 0 are the Klein bottle and torus (Dodson and Parker [57] ). We will often meet this concept in the following sections.
Enumeration of rooted maps 2.2.1 Arquès and Béraud approach
Arquès and Béraud, starting from Tutte's results, discovered a generating function for the rooted maps series [28] namely the series which gives rise to the number of rooted 6 It was discovered independently by Euler and Descartes in 1752 and it is also known as the Descartes-Euler polyhedral formula. The formula also holds for some, but not all, non-convex polyhedra and it has been generalized for n-dimensional polytopes by Schläfli in 1868.
maps for a given number of vertices and edges. They proved that the generating series of rooted maps is the solution of the following Riccati's differential equation:
where y and z are respectively the number of vertices and edges. They have also shown that the generating series of rooted maps with respect to the number of edges only is solution of the differential equation:
Thanks to this relation, Arquès and Béraud found the "nice continued fraction form" for the generating series M(y, z) of rooted maps with respect to the number of vertices and edges:
with an important corollary: the generating series M(y, z) of rooted maps with respect to vertices and edges is the solution of the following generalized Dyck's equation:
By means of this corollary, the same authors found the explicit formula for the number of rooted maps with n edges:
The anchor conditions which appear in the second summation show that we have to sum over all the possible partitions of the integer n + 1 in i + 1 integer numbers. In the following Table 1 , the first terms of this formula are shown. 
Walsh and Lehman approach
Walsh and Lehman [39] began their work by studying the combinatorial equivalent of maps: this approach allowed them to deal with the map enumeration from a combinatorial point of view (rather then a topological one). Then they gave a simple application of counting rooted maps regardless to genus. Later on, they generalized the Tutte's recursion formula [33] for higher genus for counting slicings and introduced the concept of dicing which actually is a "contracted slicing": in short, they considered the map obtained from slicings by contracting each band to a point. 
This formula reduces to the Tutte's recursion formula [33] when g = 0. For further details, such as the explicit combinatorial meaning of dicings or the proof of uniqueness of the solution of the Walsh and Lehman's recursion formula, see [39] . By means of (2), they computed the number of dicings given the degree of each vertex and the genus. In particular, Walsh and Lehman extracted an explicit formula for maps with one face. Finally, they obtained a relation between the number of dicings and the number of rooted maps. This relation allows to calculate the number of rooted maps with respect to the genus, the number of vertices and the number of edges. In other words, they obtained the following relation: if we denote with
⁷ the number of dicings and an explicit expression is known for it, the number of rooted maps of genus g, with v vertices and e edges is:
Summing over all the descending sequences (d 1 , . . . , dv) which add to 2e gives the number of rooted maps of genus g with e edges and v vertices. In this way they were able to fill the Table I of Ref. [39] . An extract of this result is shown in Table 2 
This is the number of rooted maps of genus g with one face, v vertices and v + 2g − 1 edges and, by duality between vertices and faces, it is also the number of rooted maps of genus g with one vertex, v faces and v + 2g − 1 edges. Compare this expression with the M(n) of the next section. Table 1 ). We will refer to this sequence as to the Arquès-Walsh sequence.
Feynman diagrams and rooted maps
As anticipated in the Introduction, the main purpose of the present work lies in the connection between counting rooted maps and enumerating Feynman diagrams in the perturbative series which expresses the single particle Green's function (or propagator) within the nonrelativistic many-body theory of a system of fermions (particles with half-integer spin). Without any pretense of completeness, we recall here only the starting point, key formulas and definitions, which lead to the perturbative expression one can represent in terms of Feynman diagrams. The reader is addressed, e.g., to the Fetter and Walecka texbook [58] or the more recent ones by Dickhoff and Van Neck [59] and by Stefanucci and Van Leeuwen [60] for a comprehensive derivation of the pertinent formulas.
The physical system is described by an Hamiltonian operatorĤ =Ĥ 0 +Ĥ 1 whereĤ 0 corresponds to a non-interacting (solvable) system, whileĤ 1 contains the (two-body) interaction between the constituents of the system. The single-particle Green's function is then defined by
where |Ψ 0 > is the exact ground state of the system,Ψ Hα (Ψ † H β ) are field operators in Heisenberg representation, destroying (creating) a particle in a specific space-time point with the appropriate spin projection. T is the time-ordered product, forcing the operator with the latest time to be placed on the left. The quantity in Eq.(3) also represents the propagation of the interacting particle from point x ≡ (x, tx) to y ≡ (y, ty) (or vice versa).
Perturbation theory leads then, with the help of a few celebrated quantum fields theorems, to the expression:
where m is the order of the perturbative term and all operators are in Interaction representation, |Φ 0 > being now the ground state of the non-interacting system. Notably it can be shown that the series extends only to the connected terms, namely those terms where the interaction Hamiltonians are connected to the "fixed" external points x, y, or equivalently to the fermion propagator running from y to x. The terms of Eq. (4) and their enumeration can be put into a one to one correspondence with Feynman diagrams, according to the rules explained in the Appendix. A detailed enumeration of Feynman diagrams according to their physical properties (and as a function of the perturbative order) is presented in the work of Cvitanović, Lautrup and Pearson [27] . In particular, Table I contains the reckoning of several subtypes of QED diagrams. The first two columns show the effect of the Furry's theorem which cancels a large number of diagrams in QED. Conversely, in many-body theory, all the diagrams which appear in the first column ("Exact electron propagators without Furry's theorem") can contribute to the total amplitude⁸. The reason why in many-body theory the Furry's theorem is not active lies in the different nature of the vacuum in the two approaches: the Dirac sea with an infinite number of negative energy states in QED and the (unperturbed) ground state of N particles in many-body theory (Fermi sea). Clearly vacuum loops diverge in QED and are removed by standard renormalization procedures. Since these divergences do not occur in many-body theory, the number of Feynman diagrams (as a function of the perturbative order for the exact electron propagator) without taking into account Furry's theorem is 1, 2, 10, 74, 706 . . . Remarkably, it corresponds to the Arquès-Walsh sequence, i.e. to the number of rooted maps regardless to genus and vertices as a function of the number of edges. The numerical correspondence is quite striking and it is suggestive that between this two objects, the physical ones (Feynman diagrams) on the one side and the mathematical ones (rooted maps) on the other side, there exists a topological connection. Our aim is then to explore this topological equivalence. This goes beyond a simple counting of these objects (which corresponds to compare the Arquès formulas on pages 6-10 of [28] with the ones of Cvitanović [27] on page 1943). The purpose is rather to discover how a Feynman diagram is related to a rooted map.
It is in fact the topology of these objects which entails their physical content (while an exact match between these formulas is rather of a mathematical interest).
Connection between diagrams and maps
On the physical side, the starting point is the book Ref. [58] [59] [60] , where the Feynman diagrams (at first and secondorder) are explicitly drawn⁹. On the mathematical side, the starting point is the work of Tutte [34] , where the (planar) rooted maps (up to 2 edges) are also explicitly drawn¹⁰. Figure 4 shows the easiest (non-trivial) examples of Feynman diagrams (left) at first-order of perturbation: diagram a (also known as "shell") contains no loops while diagram b (also known as "tadpole") contains one loop. Figure 4 (right) shows also the first 2 non-trivial rooted maps with one edge and one vertex (map c) and two vertices (map d). We will use the two diagrams and the two maps to illustrate a graphical, step-by-step association (which will be indicated as the quotient procedure) -for the first-order diagrams (or for the rooted map with one edge) -between these two kinds of objects.
Quotient procedure (first-order)
The following steps illustrate an intuitive way to associate a rooted map to a given Feynman diagram (at first order). They do not represent a rigorous proof of the association, 
Figure 4:
The easiest (non-trivial) Feynman diagrams and (nontrivial) rooted maps as they appear in Refs. [58] and [34] , respectively. Interaction lines are represented with dashed lines, propagation lines with solid ones.
9
The work of Cvitanović [27] will help us to enumerate and distinguish the physics properties of Feynman diagrams at any order. 10 The work of Walsh and Lehman [39] (summarized in Table 2 ) will help us with the detailed enumeration of the rooted maps according to their number of vertices, edges and the genus of the embedding surface.
but they will help us to investigate the topological equivalence between diagrams and maps. As a preliminary remark, we recall that for each Feynman diagram, an "initial" point and a "final" point can always be defined without any ambiguity: these points represent the initial and final positions in spacetime between which we evaluate the Green's function¹¹.
-Starting from a Feynman diagram (step A of Figure  5 ), we connect its initial (i) and final (f ) points, obtaining a new object: the closed graph (step B). The obtained (oriented) arc will be defined as the rooted arc¹². All the propagation-line arrows will be left out, except for the one on the rooted arc. -Starting from the point i = f in the closed graph, we travel the rooted arc (e.g. counterclockwise) till the first interaction line and we shift the rooted arc arrow on it. Then, all the interaction lines will be drawn as solid lines and all the propagation lines will be drawn as dotted lines, obtaining the quotient graph (step C). The (unique) solid line carrying the arrow will be referred as to the rooted edge. 11 These points are easily distinguished in the diagram, since they are the only vertices of a propagation line that are not connected to an interaction line. 12 The rooted arc can be obtained either connecting i and f lefthandwise or righthandwise (so that the rooted arc results oriented counterclockwise or clockwise, respectively). This choice will not affect the results, provided that we apply the same rule for all the diagrams. Here we will use the first one.
Quotient procedure (second and higher order)
If we try to apply the previous steps to the second-order diagrams in Ref. [58] (see Figure 6 and 7), we have no difficulties till the diagram number 10. The peculiarity of such a diagram can be seen under two perspectives. First, its quotient graph contains a crossing (such a characteristic never occurred in all the other graph). Second, we already know that there should be nine (planar) rooted maps with two edges (these are the maps drawn by Tutte): but we also know (see again Table 2 ) that one and only one rooted map with two edges should be embedded on the torus. This means that another step must be added to the quotient procedure: the quotient graph should be embedded on an orientable surface with the minimum number of holes as it is needed to remove all the crossings (step E). We show in Figure 6 : Association of the second-order Feynman diagrams (as they appear in [58] ) with the two-edges rooted maps (on the sphere) as they appear in [34] by means of the quotient procedure. In the first column, the Feynman diagrams at second perturbative order (i.e. with 2 interaction lines) are shown. In the second and third columns the related closed graphs (with their rooted arc) and quotient graphs (with their rooted edge) are shown. The last column contains the resulting rooted maps. The list continues in Figure 7 .
Figures 8 and 9 some intriguing examples of order higher than two. The quotient procedure applied to a fourth-order Feynman diagram. In order to remove the crossings in the quotient graph, one hole is not enough. The associated rooted map results actually embedded on the cow.
Quotient procedure (full third-order)
Let us consider the third-order diagrams derived in the Appendix. We have first applied the quotient procedure to all the shell diagrams shown in Figure 8 the remaining thirdorder diagrams can be found in the Appendix, where a simple method to build Feynman diagrams at any order is also presented. It was needed to recover the exact shape of each of the 74 diagrams at third-order. Actually, a publication where these 74 Feynman diagrams are explicitly drawn is not available, at variance with the second-order diagrams, which can be easily found in the literature. We can immediately observe that there are 10 diagrams which contain unremovable crossings between the interaction lines (we are talking about number 2, 3, 6, 7, 8, 9, 10, 11, 12, 14) and 5 diagrams without crossings (number 1, 4, 5, 13 and 15). Thanks to Table 2 , we could predict that there could be only five diagrams on the sphere. If we apply the quotient procedure to the diagrams of Figures 10, 11 and 12, we find indeed five and only five rooted maps on the sphere (diagrams number 1, 2, 3, 13 and 15 in the above mentioned figures). Let us analyze the number of vertices of this maps: we find that all of them have one vertex. But if we check our Table 2 , we discover that on the sphere there are just five rooted maps with 3 edges and only one vertex. This also ensures the validity of the the quotient procedure and hence the validity of the one-to-one correspondence with rooted maps on the sphere at this stage. ¹³ We show all the quotient graphs of the remaining third-order Feynman diagrams in Figures 13, 14, 15, 16, 17,  18, 19, 20, 21, 22, 23. 
Remarks
Comparing the Tutte's rooted maps and the list of first, second and third-order Feynman diagrams we can easily con-13 Notice that -if the quotient procedure is right -there could not be other maps with 3 edges, one vertex and genus 1, related to the five Feynman diagrams. In fact, if we check the Walsh work [39] on page 215, we do not find any other map with these features. clude that every Feynman diagram of the n-th order with l loops -and without crossing either between any interaction lines or between interaction and propagation linesis related to one (and only one) rooted map embedded in a sphere-like surface with n edges and l+1 vertices. Through the quotient procedure, in fact, an additional loop is created (the one which contains the root edge) but all the propagation lines, after the shrinking procedure, become a point. For this reason the l loops become l + 1 vertices (which are actually points). Moreover, through the same procedure, the interaction lines of the original Feynman diagram are not modified so that they directly become the edges of the map. We can check the validity of this procedure by verifying that we have just obtained: -2 rooted maps on the sphere starting from the 2 Feynman diagrams at first order; among these 1-edge maps, we have obtained: 1 rooted map with 1 vertex and one map with 2 vertices. This is a remarkable result because it is in perfect agreement with the works by Bender and Canfield and with the ones by Walsh and Lehman (see Table 2 ). 
The genus of a Feynman diagram
Finding the embedding of a graph was shown to be a NPcomplete problem (see for instance Carsten [61] ). However, the existence of a precise association between Feynman diagrams and maps (based on the quotient procedure) strongly suggests that Feynman diagrams and rooted maps are isomorphic mathematical object. Thus, it becomes natural to define the genus of a Feynman diagram as the genus of the related rooted map, i.e. the genus of the orientable surface in which the related rooted map is embedded. However, this definition is quite different from the one given in the work by J. S. Kang [62] , where the genus (G) of the Feynman diagram is defined as Here V is the number of vertices, P the number of propagators and I the number of the closed loops. This definition is followed by many authors like Gross, Mikhailov and Roiban [63] , Nayak [64] or Schwarz [65] . We propose, instead, a definition which start from the well known Euler characteristic of a rooted map:
where v is the number of the vertices of the map, e the number of its edges and f the number of its faces. Then we substitute the number of vertices with v = l + 1:
where l is the number of loops in the associated Feynman diagram, f and g are respectively the number of faces and the number of holes of the related rooted map (namely the genus of the orientable surface in proper sense). Thus the genus of Feynman diagrams provided by Eq. (7) is similar to the one of formula (5) only in the sense that both equations derive from the Euler-Poincaré formula. But the numbers G and g associated to the same diagram are usually different and only accidentally coincide, as reported in Table 3 . 
Summary and conclusions
In this work we have shown, up to third-order in perturbation theory, the perfect agreement between the number of Feynman diagrams as a function of the perturbative order and the number of rooted maps on orientable surfaces as a function of the number of edges (and regardless to genus and to the number of vertices on the map). This result has been obtained by establishing a graphical correspondence between Feynman diagrams and rooted maps on the sphere and on oriented surfaces of higher genus. The quotient procedure presented here contains definite and unambiguous rules which allow to obtain the rooted map corresponding to a generic Feynman diagram. In this connection it is worth pointing out that in the Appendix we define a simple but effective procedure for building Feynman diagrams at any order in perturbation theory from a purely graphical point of view.
A new definition of the genus of a Feynman diagram has also been given: the genus of a Feynman diagram is the number of holes of the surface in which the corresponding rooted map is embedded. Hence one might conjecture that Feynman diagrams and rooted maps are the same topological object. The information about the physics is totally embodied in the number of vertices, edges, faces and holes of the embedding surface and their mutual relations.
It should be stressed that in this work we have considered Feynman diagrams entering into the perturbative expansion of the single-particle propagator within a manybody context. Other classes of diagrams, for example in the two-body propagator or the polarization propagator, as well as in the diagrammatic representation of the perturbative contributions to the ground/excited state energy of the system (Goldstone diagrams) are crucial for the correct determination of the observables. Starting from the results of the present work it should be possible to calculate some specific class of diagrams such as "ladder or skeleton", "RPA", and "irreducible" diagrams by means of rooted maps theory. In the present work we concentrate on the single particle propagator: here the most interesting development is the internal resummation of proper (non-separable) self-energy diagrams, which leads to the Dyson (integral) equation. The perturbative expansion is thus manipulated in such a way to include some class of diagrams up to infinite order. In particular it could be interesting a comparative approach to "non-separable maps", but this goes well beyond the scope of this paper.
To compute
The foregoing statements provide a unique prescription for drawing and evaluating all Feynman diagrams that contribute to the Green's function in coordinate space. Each diagram corresponds to an analytic expression that can be now written down explicitly with the Feynman rules. The calculation of Green's function becomes then a relatively automatic although non-trivial process.
Appendix B First and second-order diagrams
As an example of the Feynman rules, we show the complete first-order contribution to the Green's function in Figure A1 .
The corresponding second-order contribution requires more work and, according to many-body textbooks, we can assert that there are 10 second-order Feynman diagrams (see Figure A2 ).
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Figure A1: First-order diagrams. Figure A2: Second-order Feynman diagrams [58] .
Historically speaking, Feynman diagrams are not the first graphical approach to a complex physics problem. First efforts were made in the integration of dynamical systems in the realm of thermodynamics and statistical mechanics. An interesting example of this approach is the one developed by Ursell and Mayer [67, 68] in order to determine the partition function of an interacting gas, known as the cluster expansion. Figure A3 : Examples of the graphical construction for the secondorder Green's function diagrams, starting from the two diagrams at first-order: "Shell" and "Tadpole". In step 1 we put one bold point in the middle of a propagation line; then we add a tadpole where we have just put that point. In step 2 we add, analogously, two bold points and connect them with a dashed line representing a new shell interaction. Obviously these points must be put in every available position. We thus obtain 18 diagrams but it is easy to observe that 8 of them (the ones shown inside rectangular boxes) appear twice and must be discarded as topologically equivalent to other diagrams (in agreement with Feynman rule number 1). of this rules directly stems from the Wick's Theorem [66] applied to the propagator. We now show the results of the above established procedure for building all third-order diagrams. As expected, we have obtained 74 different diagrams: 15 of them -we loosely refer to them as to "shells" diagrams, -can be enumerated by a very easy formula since they contain only shells and no tadpoles¹⁶. At the m-th perturbative order their number is: This formula was extracted by Touchard in an old strictly mathematical work [47] , and recently rediscovered by several physicists among whom Kuchinskii [21] .
Checking all topologically equivalent diagrams, we found that there exist 42 additional diagrams which are obtained by adding a shell or a tadpole in every available position right in the root line (see Figures A5 and A5) . 16 In this class of graphs, interaction vertices lie on the same propagation line directly connecting the initial and final vertices of the many-body Green's function diagram. Moreover there are 18 diagrams derived from second-order diagrams by adding a tadpole (or a shell) onto a tadpole -or a shell between the root line and a tadpole ( Figure  A5 ). The complete set of the single-particle Green's function Feynman diagrams at third-order (in addition to the ones in Figure A4 ) is illustrated in Figures A5a, A5b and A5c.
